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i. INTRODUCTION

Let f(x) be an arbitrary real continuous function on { —1,
us denote
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U ,{x) is known as the Chebyshev polynomial of the second kind of degree

n. U,{x) has all its zeros at the points
Xe=cos 0, 8,=kn/N, k=1,2,.., n (1.2)

Let
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the fundamental polynomials of Lagrange interpolation based on the nodes
%¢. A. K. Yarma (1) considered the following interpolation process based
on the nodes (1.2):

(f, x)= Z f(x) m(x), n=3, (1.4}
k=1
where
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Concerning F,(f, x) he proved the following
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THEOREM (Varma). Let f(x) be an arbitrary continuous real function on
[—1, +17 and let w(8) be its modulus of continuity there. Then there exists
a positive constant ¢, independent of n, x, and f, such that

_max |F(f, x) — f(x)] < carx(1/n). (1.6)

From (1.6) it follows that, generally speaking, convergence order reaches
best approximation order when the interpolation process F,(f, x) is used to
approximate a real continuous function on [ —1, +17]. It is natural to raise
this very interesting question: If f(x) has a continuous derivative on
[—1, +1], then when, using the interpolation process F,(f, x) to
approximate f(x) on [—1, +1], can the convergence order reach best
approximation order? We give here the following definite answer:

THEOREM. Let f(x) be an arbitrary real function eC'[ —1,1]. Then
1 T—x> 1 \f
F0- 1001 =0 (7)o (1 ) v o (),
n n n n
-1<gx<1, (1.7)
where O is independent of n and f, [ f'| =max_, <, <, |f'(x)|, and w(f", d)
is the modulus of continuity of " on [—1, 1].

From (1.7) we see that, using F,(f, x) to approximate f(x)eC' on
[—1, +11], the convergence order reaches that of best approximation.
Further, the last theorem yields the

COROLLARY. On [—1, 17, let f'(x)eLip % 0<a< 1. Then, by the sub-
additivity of o,

/1 — x2)* "y
F.(f, %)= f (%) =0(1)[(N ,’;x )-+nlih+“£;‘} —1<x<l

2. SOME LEMMaS
To prove the last theorem, we need the following lemmas.

LemMA 1 (Cf. [5,6]). Let x; be the nearest node to xe [ —1,1]. Then

71— x2
lf’(X)—f’(x)l=O(1)w(f’,Vlnx+%), ki1, j+ 1 Q1)
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Ifl<k<jor j<k<n, then
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where x, Kt, <xp 1, X=x+a,(x,—x) (0€a, K1), or X=1¢,.

Lesva 2. The following estimates are valid for —i<x< +1,n25:

m{x}j=0(1), k=1,2,..,n (2.4}
/ \
' sin N8 1

mk(x)=0(1)l kl_rl |0_9|+n—3 ; k=23 ., n—1 (2.5}
\a’] [] sin o
Nodj=k—1 2 I

\sin N0 1 , . )

p .X)=0€1( K'“ I l+—4), k=3,4,.,1n-2 (2.6}
“n H sm g
\ /

where px)=m, . (x)+ 2m(x)+m; _(x).

Proof. For the fundamental polynomials u,{x}) we have

u(x)=0(1), k=1,2, .. 1

,m\
W
~

thus (2.4) is valid. By [ 1] we have

(=D =X U,lx) | (=D x4 x0) Ullx)
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T,
(—1)*~!sin* =——sin N

2N
A (x) = -
040, 0—0,
t
cO 2 + cot 2
040, . 0+0, . . 0-0,_,. 0-0,,
sin 2 Sin 2 Sin 2 Sin 2

—1)F"1 4 cos 0, sin® — U, (:
+( ) cos 0, sin 2NU,,(V)

N
k=23,..n—1. (2.10)

Therefore, using (2.9) and the inequalities
(2/m)t<sint <y, 0<r<a/2, (2.11)
|Ux)I <N, —-1<x<l1 (2.12)

the formula (2.5) follows. To prove (2.6) let us denote

n T
Nk(H)_COS <0k+9+ﬁ)+2005ﬁ

Rk(6)= = k+2
M, (6) + . 6.+0
[] sin-
j=k—1 2

Then
R, 1(8)— R (0)

L 0+0,,., . 0+0,_, . 8+0,
Nkl(e)<sm +2"+~—sm +2" ‘)—(Nk({))—]\/’k_l(ﬂ))sm +2" 2
- k+2 010,
[] sin +Y
j=k=2 2
6+0 0 2
_ZA’k,l(B)sin%,cos + k+25in(0+9k)sin£vsin +gk7'
- k+2
I1 sin9+9j
j=k—2

1
k42 . 0 0.
[T sin 9

J=k=2
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(3]
—d

Similarly, we have

/ \
i i
R (=0~ R(=0)=0 55— |
vy 1 sin - —_
\ Vj=k-2 2 |/
By [ 1] we have
. L {2k 4+ m
8(—1)F 1511'112—,\,5;,.(.‘{3&11 - :\" /
dim dx)+m_{x))= - <
N
(— 1)< sin’ T N
+ v : {R(8)— R(—8)).
Thus, using (2.9), (2.11), and (2.12), we get
8(— 1)t sin® — U, (x)
o) AT Gh—Un Rk
AY )= sin —— —§in i
JARY) N \ N N /,g
) s T
(—1)*sin® ~2L7\ sin N9
+ = [(Ri—1(8) — Ru(6))
— (R, _((—=0)— R (—0))]
i \
| |sin N9 i . .
:0\ EE 0_0_!4.—’? k=3.,4,..n—-2
5 H Jl
n sin ‘ )
S it 2 /

This proves {2.6), and Lemma 2 is established.

LevmmMa 3. The following estimate is valid for —1 <

L<x<+i, =5
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Proof. Let us denote

(=11 —x?) Uy(x)

= k=12, .. n;
”k(x) Ar(x _ Xk) >
Qi(x)= Tesr(X) 2"2(X) i Hkil(X), k=3,4,..,n-2;
k-1 1a2 AT H
¢k(—f)=(—l) cos 4, :;n (n/2N) L,,(x), K=3.4,..n-2

Then from (2.8) and (2.10) we have

my(x)= @i (x)+(x), k=3,4,.,n-2.

Thus
n—2 2 2
W= Z Z () s jo 1= X) Qi j1£%)

k=3 j—o0 \J
n—2 2 2

+ Z Z () (Xpsjo1— X)Wy 1(x)
k=3 j=0 \J

=Il+12

As x, =cos(kn/N), we have

|
Xpp1— 2%+ x4 = ~4sin22%vcos()k=0<~5>,

. 1
x,;+1—2x,2(+xi,1=0(;2—>.

Thus, on using (2.11)+2.12) and (2.15), we obtain

sin®(n/2N) U ,(x) "2

=
2T N ~,

+ s —xx11=0(55).
n

To estimate I, let us denote

2
P(x)= Z ( ) Xevj—1— )']k+j—l(x)'

Z (—l)k[(xk+[ x}xk+1“'2(xk_x)xk
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Then 7, can be split into three parts as follows:

r n—3
a=lay+ ¥ 5k} (x)

Lok=4 k=23n—-2.n—1
1 LG )

+i Z k \)(xk%j ’Yk+].7!)?7k+j7f‘i{x)

%23 j2o\J/

+ 2. Z( ) (Xppja=Xpewjo 1)ty alxip
k=n—2n-1 j=0 J
n—3 .

+ 2 [WeoX)+ (Wi i — W) e ((X)+ (W, — Wi me16x)]
k=4

=B, + B, + B3,

where W, =x,,,—2x,+x,_, B-=8,_,=1, 8:=5,_,=3 From (2.13}
we have

and thus B, =90. As x, =cos(kn/N} we have

Xp 1 — Xe=0(1/n?), k<dorkzn—4 {217
Since
n(x)=0(1), k=1,2,..,n

we have B, = 0(1/n?). From the relations

[}

i lpc(x)[ = O(1),

W,,,—W,=—4sin? 2—N(0059k+;—C05 H;:)=Q{\}g—3/i,

using (2.16), we obtain B;=0(1/n?). This proves I,=0(1/s%} and

Lemma 3 is established.

3. PrOOF oF THE THEOREM

Using the mean value theorem, we have

J{x) = f(x) = f'(x + ap(xe — 0))(x, — X),

O0<a,€£,k=12 ..x

o,
a2
=i

o
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SO ) — e 1) =t 3 — X2 1)
X<, <x0_1, k=23, ., n

Let us denote
hy= Z e (f(xe) — f(x)) my(x)
k=1,2.n—Ln

+ Y (f(x) = SN my(x) + my 4 (x)),

k=3.n—1

hy= Z S X2y = x) myey(x)

k=3n-1

+ Z (1) = SO X — X 4 ) mig(X)

+ 2 ()= )~ X - ) mi(x);
k=n—2n—1
hy=f'(x) Z i (]) (Xpv et = X) My ;1 (X);
k=3 j=0

hy= 3 L(f(x+aelxe—x)) — f(x)x, = X) pelx) + (' (14)

— [t N — Xy my_(X)];
n—3

hs= Z (') = O =g 1+ 20— X 1) mu(x).
k=4

It is easy to see that

From (1.4) we have

MEf, )~ f) =4 T (flxe)— () mx)= Y

k=1 i=1

Using (2.17) and Lemma 3, we have

h:0<%y> m:O(ﬁﬂ)

(3.2)

3.3)
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2.7}, (2.12), (2.17) and
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B} . L km /1N
f—xi=1—-cos’f,=sin’ —=01—=], k<4
N \nt/

we obtain

o030 = x) i (x) + (g —x) polx) +(x = x
+ 3 L2002 — x) o) + (g —x) {5+ L0 — X)) 4 pis{x)

-

+ (v = x () + (xy — x3) pa{x) ]

Similarly, we have
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As x=cos 6, x,=cos §,, we have
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Using (2.1}, (2.4}, and (3.5) we get
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By (2.2)-(2.6), (3.5) and as 8, = kn/N and
o(f', k6)< (k+ 1) o(f", d),

we have
oo (AR ) oA (4t
o ) L ()]
ot ()
Therefore
h4=0(1)’1—1w<f’, VTH_—X+%) (3.6)

In the same way, using (2.1)-(2.2), (2.4)-(2.5), and (2.16), we have

hs:{ jiz N nz—:;& }()

k=j—2 k=4

hEf—2 42

=0(1)l2w(f', Vizx +12)

n n n
+oM)Y o (f’, k=l :1,”1?+ (k;f')z) %(;k—_lﬁ#nl)
=0(1)%co<f’, x/T;?Jran), (3.7)
and the theorem is proved.
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